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Abstract. Let Q C K n be a bounded open set satisfying the uniform exterior 
cone condition. Let A be a uniformly elliptic operator given by 

n n 

Au = y ajjdiju + y y bjdjU + cu 
i,j=l 3=1 

where 

o,,eC(ii) and bj, c e L°°{Q), c < . 
We show that the realization Aq of A in 

C (n) := {u 6 C(H) : «| an =0} 

given by 

D(A ) := {u e C* (n) n W?£(Si) ■. Au e C (fi)} 

Aou := Au 

generates a bounded holomorphic Co-semigroup on Cq(Q). The result is in 
particular true if Q is a Lipschitz domain. So far the best known result seems 
to be the case where Q has C 2 -boundary ILun95l Section 3.1.5]. We also study 
the elliptic problem 

-An = f 



0. Introduction 

The aim of this paper is to study elliptic and parabolic problems for operators 
in non-divergence form with continuous second order coefficients and to prove the 
existence (and uniqueness) of solutions which are continuous up to the boundary 
of the domain. Throughout this paper is a bounded open set in R n , n > 2, with 
boundary <9f2. We consider the operator A given by 

n n 

Au := aijdijU + bjdjU + cu 

i,j=l 3=1 
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with real- valued coefficients a^- ,bj,c satisfying 

bj £ L°°(0) , j = l,...,n , c£ L°°(51) , c < 

ay e c(n) , ay = , 

where A > is a fixed constant. 

Our best results are obtained under the hypothesis that 51 satisfies the uniform 
exterior cone condition (and thus in particular if 51 has Lipschitz boundary). Then 
we show that for each / £ L n (fl),g £ C(<951) there exists a unique u £ C(Q) n 
W^(SY) such that 

[ M U> = 5 • 

( Corollary 12. 3p . This result is proved with the help of Alexandrov's maximum 
principle (which is responsible for the choice of p = n) and other standard results 
for elliptic second order differential operators (put together in the appendix). Our 
main concern is the parabolic problem 

u t — Au 
[P){ «(0,-) = uo 

u(t,x) = x £ dVL , t > . 

with Dirichlet boundary conditions. Let Co (SI) :— {v £ C(Q) : v\ an = 0}. Under 
the uniform exterior cone condition, we show that the realization Aq of A in Cq (Q) 
given by 

D(A ) := {v£C (S})nW^(n):Av£C (Sl)} 
Aqv :— Av 

generates a bounded, holomorphic Co-semigroup on Cq (il). This improves the 
known results, which are presented in the monographic of Lunardi [Lun95 , Corollary 
3.1.21] for SI of class C 2 (and bj,c uniformly continuous). 

If the second order coefficients are Lipschitz continuous, then the results men- 
tioned so far hold if 51 is merely Wiener-regular. For elliptic operators in divergence 
form, this is proved in |GT981 Theorem 8.31] for the elliptic problem (E) and in 
AB99, Corollary 4.7] for the parabolic problem (P). Concerning the elliptic prob- 
lem (E), and in particular the Dirichlet problem; i.e., the case / = in (E), 
there is earlier work by Krylov |Kry67| Theorem 4], who shows well-posedness of 
the Dirichlet problem if 51 is merely Wiener regular and the second order coeffi- 
cients are Dini-continuous. Krylov also obtains the well-posedness of the Dirichlet 
problem for £ C(51) if 51 satisfies the uniform exterior cone condition |Kry67[ 
Theorem 5]. He uses different (partially probabilistic) methods, though. 

1. The Poisson problem 

We consider the bounded open set 51 C K" and the elliptic operator A from the 
Introduction. At first wc consider the case where the second order conditions are 
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Lipschitz continuous. Then we merely need a very mild regularity condition on SI. 
We say that SI is Wiener regular (or Dirichlet regular) if for each g G C(dSl) there 
exists a solution u G C 2 (Sl) PI C(Sl) of the Dirichlet problem 

Au = 

u \an = 9 ■ 

If SI satisfies the exterior cone condition, then SI is Dirichlet regular. 

Theorem 1.1. Assume that the second order coefficients atj are globally Lipschitz 
continuous. If SI is Wiener-regular, then for each f G L n (Sl), there exists a unigue 
u G W£' c n (Q) n C (0) such that 

-Au = f . 

The point is that for Lipschitz continuous a%j the operator A may be written in 
divergence form. This is due to the following lemma. 

Lemma 1.2. Let h : SI — >• R be Lipschitz continuous. Then h € W 1:CO (Sl). In 
particular, hu G W 1 ' 2 (Sl) for all u G W 1,2 (Sl) and dj(hu) = (djh)u + hdjU. 

Proof. One can extend h to a Lipschitz function on R" (without increasing the 
Lipschitz constant, see [Min70j ) . Now the result follows from |Eva98[ 5.8 Theorem 
4]. □ 

Proof of Theorem 11.11 We assume that SI is Dirichlet regular. Uniqueness 
follows from Aleksandrov's maximum principle Theorem lA.il In order to solve the 

problem we replace A by an operator in divergence form in the following way. Let 

n 

bj := bj — diOij,j — 1, . . . ,n. Then bj G L°°(Sl). Consider the elliptic operator 
Ad in divergence form given by 

n n 

AdU = di(aijdju) + bjdjU + cu . 

a) Let / G L4(fL) for q > n. By [GT981 Theorem 8.31] or [AB991 Corollary 4.6] 
there exists a unique u G C'o(il) n W,' (O) such that — AdU = f weakly, i.e., 

/ a ij9judiV — J bjdjuv — J cuv = J fv 

for all v G T>(£1) (the space of all test functions). We mention in passing that 
u G Wg' 2 (f2) by AB99, Lemma 4.2]. For our purposes, it is important that u G 
W£*(n) by Friedrich's theorem [GT981 Theorem 8.8]. Here we use again that the 
atj are uniformly Lipschitz continuous but do not need any further hypothesis on 
bj and c. It follows from Lemma 11.21 that aijdjU G (SI) and di(aijdju) — 
(diOij)djU + aijdijU. Thus AdU = Au. Now it follows from the interior Calderon- 
Zygmund estimate Theorem [O] that u G W^(Sl) C w£"(Sl). This settles the 



ioc v"; ^- ioc 
result if / G L q (Sl) for some q > n. 

b) Let / G L n (Sl). Choose f k G L°°(r2) sucht that lim f k =fin L n (Sl). Let 
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Uk G W, 'J l nCo(f2) such that —Au k = fk (use case a)). By Alcksandrov's maximum 
principle Thereom lA.il we have 

\\Uk - < c||/fe - fl\\L"{U) ■ 

Thus Wfe converge uniformly to a function u G Co(ri) as fc — > oo. By the Calderon- 
Zygmund estimate (Theorem IA. 21) . 

\\uk\\w*."(B e ) < c(\\u k \\ Ln{B2e) + ||/fc||z,»(B 2e )) 

if C where the constant c does not depend on k. Thus the sequence 
(uk)keN is bounded in M /2, ™(_B e ). It follows from reflexivity that u G W 2,n (B g ) 
and Wfe — m in W 2 ' n (B g ) as A; — »■ oo after extraction of a subsequence. Conse- 
quently, u e W^' c n (fi) n C (fi). Since -_4u fc = / fc for all k € N, it follows that 
-Au = f. □ 

Now we return to the general assumption G C(tt) and do no longer assume 
that the are Lipschitz continuous. We need the following lemma which we prove 
for convenience. 

Lemma 1.3. a) There exist dij G C b (R") such that dij = dji,dij(x) = aij(x) if 
x G fi and 

n i 

£ > g iei 2 

for all^ G R", a; G n. 

n 

b) There exist a% G C°°(fi) suc/i i/iai a% = a£, J2 > fl£| 2 a«d 

i,3=l 



fe 



lim a^j(x) = a,ij(x) uniformly on VI. 



Proof, a) Let bij : R" — > R be a bounded, continuous extension of to R™. 
Replacing bij by v ^ , we may assume that bij = 6j,. Since the function <p : 



R" X5 1 -)! given by ip(x,(,) ;= £ &i 3 -(a:)&£j is continuous and S 1 := G K" : 

£| = 1} is compact, the set fii := {a; G R" : <p(x, £) > 4 for all £ G S 1 } is open and 
contains f2. Let < (fi,(f2 G C(R n ) such that <pi(x) + <fi(x) = 1 for all x G R™ 
and if2{x) = 1 for a; G R™ \ f2i,i^i(a;) = 1 for a; G f2. Then ay := ipi&y + 4(^2% 
fulfills the requirements. 

b) Let (gfe)fcgN be a mollifier satisfying suppgfc C B 1 / k (0). Then = 5y * gfc G 
C°°(R Tl ) and lim a^-(x) = a^x) = a i3 (i) uniformly in a; G Cl. If i < dist(c?S7i, 
then for x G R" 

n „ n 

£ a ij( a; )^ = / ^2 a,ij(x -y)^jg k (y)dy 
*J =1 |„|<i/* « =1 

> ^ / Qk(y)dy = - . 

\y\<l/k 

□ 
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Theorem 1.4. Assume that fi satisfies the uniform exterior cone condition. Then 
for all f £ L n (Q) there exists a unique u £ Cq(Q) D W^(fl) such that —Au = f . 

Proof. As for Theorem 11.11 we merely have to prove existence of a solution. We 
choose aflj £ C°°(f2) as im Lemma fl .31 Let Ak be the elliptic operator with the 
second order coefficients of A replaced by a\y Let / £ L n (fl). By Theorem ll.il 
for each k £ N there exists a unique Uk £ W,'™(il) fl Cq(0) such that — .4fcWfc = /. 
By Holder regularity (Theorem lA.3p there exists a constant c which does not depend 
on k £ N such that 

IKHc<*(n) < c(||/||i»(n) + ||«fc|U»(n)) ■ 

By Aleksandrov's maximum principle ||iifc||z,°°(f2) < 2ci||/||x,«(m f° r all fc G N and 
some constant c%. Notice that the first order coefficients of Ak are independent 
of k £ N. Thus (wfc)fceN is bounded in C a (il). By the Arcela-Ascoli theorem we 
may assume that Uk converges uniformly to u £ Co(fl) as k — ► oo (passing to a 
subsequence of necessary). Let B 2g C fl where B 2g is a ball of radius 2g. Since 
the modulus of continuity of the is bounded, by the interior Calderon-Zygmund 
estimate Theorem IA. 21 

\\Uk\\w^(B e ) < C 2 (|K||L"(B 2e ) + II/IIl"(S2 8 )) 

for all k £ N and some constant c 2 . It follows from reflexivity that u £ W 2,n (B g ) 
and Uk — 1 u in W 2 ' n (B g ) as fc — > oo after extraction of a subsequence. Since 
— .A/citfc = /, it follows that — Au = f. In fact, since Uk — 1 w weakly in W '"(-B e ), 
it follows that dijUk dijU in L n (B g ) as fc — ► oo. Thus sup ) < oo. It 

follows that 



(ofj — aij)dijUk — s> in L n (B e ) as fc — » oo 
lijdijUk a^dijU in L n (B e ) 

2. The Dirichlet problem 



and consequently a^dijUk a^dijU in L n (B e ). □ 



In this section we show the equivalence between well-posedness of the Poisson 
problem 



(P) 

and the Dirichlet problem 
(D) 



-Au = f 
u Ui = 



Au = 



where / G L n (fi) and g £ C(dQ) are given. We consider the operator A defined in 
the previous section and define its realization A in L n (fi) (recall that Vl C R n ) by 

D(A) := G Co(fi) n W^(il) : Au £ L n {n)} 
Au := „4u . 
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Thus the Poisson problem can be formulated in a more precise way by asking 
under which conditions A is invertible (i.e. bijective from D{A) to L n (fl) with 
bounded inverse A -1 : L™(S1) — »■ L n (0)). Note that for /i > 0, the operator 
A — fi := A — ill has the same form as A (the order-O-coefhcient c being just 
replaced by c-/i). 

Proposition 2.1. TTie operator A is closed and injective. Thus, A is invertible 
whenever it is surjective. If A — (i is invertible for some [i > 0, then it is so for all. 

Proof. By the Aleksandrov maximum principle (Theorem IA.1[) there exists a con- 
stant ci > such that 

(2.1) ||w||oo < 2ci||/m- Au\\ Ln (n) 

for all u G D(A),fi > 0. In order to show that A is closed, let Uk G D(A) such that 
itfe — > u in L™(0) and Au fe — > / in L n (il). It follows from (|2.1|) that u G C (fl) and 
lim Uk = u in Co(^). Let B^ e be a ball of radius 2g such that i?2 e C CI. By the 
Calderon-Zygmund estimate (Theorem IA.2[) 

|K||w 2 .»(B e ) < C g (\\u k \\ Ln(B2e) + \\Au k \\L»{B 2e )) ■ 

It follows that (wfc)fceN is bounded in W 2,n {B e ). By passing to a subsequence we 
can assume that Uk — 1 w in VF 2, ™(-B e ). Consequently Au/c — »■ Au in L n {B e ). Thus 
Au = / on Since the ball is arbitrary, it follows that u E f(^4) and Am = /. 
Now assume that /ii — A is invertible for some /ii > 0. Let /12 > 0. Define 
= - A) + (1 - t)(/i 2 - A). Since (^1 - A), (/i 2 - A) e £(£>(A), L n (0)) 
where -D(A) is considered as a Banach space with respect to the graph norm \\u\\a '■= 
IMU»(n) + ||A«[[£» ( n), since by (EUD 

2ci||B(t)u||i,» ( n) > ||«||c(n) > pji7^IMU»(fi) , 

for all t £ [0, 1] and since B(l) is invertible, it follows from [GT981 Theorem 5.2] 
that B(0) is also invertible. □ 

We call a function m on O A-harmonic if u 6 for some p > 1 and 

Au = 0. By [GT981 Theorem 9.16] each .A-harmonic function u is in f| W£' 9 (fi). 

Given g G C(9f2), the Dirichlet problem consists in finding an A-harmonic function 
u G C(f2) such that ui sn = g. We say that is A-regular if for each g G C(9f2) 
there is a solution of the Dirichlet problem. Uniqueness follows from the maximum 
principle jGT981 Theorem 9.6] 

( 2 - 2 ) - l|u^JU~(an) < u ( x ) < ll^ n IU-(an) 

for all ieO, which holds for each A-harmonic function u G C(£l). In particular, 

(2-3) \\u\\c(U) < \\ u \\c(dn) ■ 

Theorem 2.2. The operator A is invertible if and only if £1 is A-regular. 
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Proof, a) Assume that A is invertiblc. 

First step: Let g G C(dfl) be of the form g = G\ gn where G G C 2 (fl). Then 
AG G L n (fl). Let v = A -1 (AG), then u := G - v solves the Dirichlet problem for 

a- 

Second step: Let g G C(dd) be arbitrary. Extending g continuously and mollifying 
we find gk G C(dfl) of the kind considered in the first step such that g = lim gk 

k— >oo 

in C(dfl). Let Uk G C(f2) be ,4-harmonic satisfying Uk\on — gk- By (|2.3p u := 
lim Ufc exists in C(f2). In particular, u\gn = .<?■ Let i?2 e C Q. Then by the 

k— >oo 

Calderon-Zygmund estimate Theorem IA. 21 

\\uk\\w^(B e ) < Cg\\u k \\ LP(B2e) < c e c\\u k \\c(n) 

(remember that Auk = 0). Thus (Mfc)fceN is bounded in W 2 ' p (B g ). Passing to a 
subsequence, we can assume that Uk u in W 2,p (B e ). This implies that .Aw = 
in B g . Since the ball is arbitrary, it follows that u is ,4-harmonic. Thus u is a 
solution of the Dirichlet problem (D). 

b) Conversely, assume that £1 is ^-regular. Let / G L n (ft). We want to find 
u G D(A) such that Au — f . Let B be a ball containig f2 and extend / by to B. 
Then by Theorem Owe find v G C (B) n W£' c n (.B) such that yfe = /. Here A is 
an extension of A to the ball -B according to Lemma H. 3b . Let g = V\ gn . Then by 
our assumption there exists an ,4-harmonic function w G C(f2) such that wi gn = g. 
Let u = v - w. Then u G C (ft) n W^(fl) and = = /; i.e. u G D(A) 
and j4u = /. We have shown that A is surjective, which implies invertibility by 
Proposition ^. II □ 

Corollary 2.3. Assume that one of the following two conditions is satisfied: 

a) fl is Wiener regular and the coefficients a,-j are globally Lipschitz continuous, or 

b) fl satisfies the exterior cone condition. 

Then f2 is A-regular. More generally, for all f G L n (Q),g G C(dfl) there exists a 
unique u G 

C(tt)r\W{£{®) satisfying 

-Au = f 

u \an = 9 ■ 

Proof. Since A is closed by Proposition it follows from Theorem ll.il (in the case 
a)) and from Theorem ll.4l (in the case b)) that A is invertible. Thus f2 is A regular 
by Theorem 12.21 Let / G L n (Cl),g G C(dfl). Since fl is ^-regular, there exists an 
A-harmonic function u\ G C(Q) such that ui| = <?■ Since A is invertible, there 
exists a function uq G Cq(Q.) fl W^(Q) such that — Auq = /. Let u := uq + u\. 
Then u G C(fi) n W" lo '"(n), U| an = g and — Au = f. Uniqueness follows from 
Theorem ED □ 

For the Laplacian A — A, A-regularity is the usual regularity of fl with respect to 
the classical Dirichlet problem, which is frequently called Wiener-regularity because 
of Wiener's characterization via capacity [GT98I (2.37)]. It is a most interesting 
question how „4-regularity and A-regularity are related. In general it is not true 
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that ,4-rcgularity implies Wiener regularity. In fact, K. Miller |Mil70] gives an 
example of an elliptic operator A with bj = c = such that the pointed unit disc 
{x G K 2 : < | a; | < 1} is A- regular even though it is not A-regular. The other 
implication seems to be open. The fact that the uniform exterior cone property 
(which is much stronger than A-regularity) implies ,4-regularity fCorollary |2.3p had 
been proved before by Krylov (Kry67, Theorem 5] with the help of probabilistic 
methods. If SI is merely A-regular, then it seems not to be known whether SI is 
.A-regular. Known results concerning this question are based on further restrictive 
conditions on the coefficients . In Theorem 11.11 we gave a proof for globally 
Lipschitz continuous a%j. The best result seems to be |Kry67| Theorem 4] which 
goes in both directions: If the Dini-continuous (in particular, if they are 

Holder-continuous), then SI is A-regular if and only if SI is ,4-regular. 

3. Generation results 

An operator B on a complex Banach space X is said to generate a bounded 
holomorphic semigroup if (A — B) is invertible for Re A > and 

sup |A(A — < oo . 

Re A>0 

Then there exist 9 £ (0,7r/2) and a holomorphic bounded function T : £{X) 
satisfying T(zi + z-i) = T(zi)T(z2) such that 

(3.1) lim e* s " = T(t) in £{X) 

n— »oo 

for all t > 0, where B n = nBin-B)- 1 E C(X). Here S e is the sector T, e := {re la : 
r>0,|a| <0}. 

If B is an operator on a reel Banach space X we say that B generates a bounded 
holomorphic semigroup if its linear extension Be to the complexification Xc of X 
generates a bounded holomorphic semigroup Tc on Xc- In that case Tc(t)X C X 
(see |Lun951 Corollary 2.1.3]); in particular T{t) := T c (t) ]x e C{X). We call 
T = (T(t)) t> o the semigroup generated by B. It satisfies \imT(t)x — x for all 

x e X (i.e., it is a Co-semigroup) if and only if D(B) = X. We refer to |Lun95[ 
Chapter 2] and [ABH NOTl Sec. 3.7] for these facts and further information. 

In this section we consider the parts A c and Aq of A in C(Sl) and Co(fl) as 
follows: 

D(A C ) := {u E C (Q) n ^ 2 oc n (Sl) : Au 6 C(O)} 

A c u :— Au and 
D(A ) := { U eC (Sl)n< oc n (Sl) :AueC (n)} 

Aqu := Au . 

Thus A c is the part of A in C(S1) and Aq the part of A c in Co (SI). Note that 
D(A ) C D(A C ) C f| by [GT981 Lemma 9.16]. The main result of this 

section is the following. 
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Theorem 3.1. Assume that ft is A-regular. Then A c generates a bounded holo- 
morphic semigroup T on C(Q). The operator Aq generates a bounded holomorphic 
Co-semigroup Tq on Cq(Q). Moreover, T(t)Co(Q) C Cq(Q) and 



T (t) = T(t) 



Oo(fi) 



Recall that il is .4-regular if one of the following conditions is satisfied: 

(a) Q satisfies the uniform exterior cone condition or 

(b) fl is Wiener regular and the coefficients are Dini-continuous. 
In particular, f2 is „4-regular if 

(a') O is a Lipschitz-domain or 

(b') Q is Wiener-regular and the ay are Holder continuous. 

In the following complex maximum principle (Proposition 13.3]) we extend A to 
the complex space W^(£l) without changing the notation. We first proof a lemma. 

Lemma 3.2. Let B C VL be a ball of center x$ and let u € W 2,p (B),p > n, be a 
complex-valued function such that Au £ C{B). If \u{xq)\ > \u(x)\ for all x G B, 
then 



Re 



u(x )(Au){x 



< 



Proof. We may assume that xq = 0. If the claim is wrong, then there exist e > 
and a ball B e C B such that Re u(x)(Au)(x) > e on B g . 

Since 9j|w| 2 = (dju)u + udjU — 2Re [djuu], and dij{uu) = (diju)u + diudjU + 
djudiu + udijU, and since by ellipticity 

Re a^diudjU > , Re a^djudiU > , 



h3 l ,3 



it follows that 



„4|u| 2 > Re aij(diju)u + Re aijudijU 

id i,j 

+ 6j2Re [djuu] + cuu 

3 

> 2Re (Auu) > 2e on B e . 

Let ip(x) = \u\ 2 — t\x\ 2 , t > 0. Then A\4>\ 2 > 2e — c\t on B e for all r > and some 
ci > 0. Choosing r > small enough, we have -A|'0| 2 > £ on B g . 
Since -0 € W 2 ' p (B e )nC(Bg), by Aleksandrov's maximum principle GT98, Theorem 
9.1], sec Theorem lA.il it follows that 

|u(0)| 2 = |^(0)| 2 < sup ip 

dB e (0) 
SUP \u\ 2 — TQ 2 



< 



dB e {0) 

\U{Q)\ 2 -TQ 2 <K0)| 2 , 



a contradiction. □ 
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Proposition 3.3. (complex maximum principle). Let u € C(f2) (~l W 7 ^'"^) suc/i 
i/iai Am — Au = where Re A > 0. // i/iere exists io £ fi smc/i </ia< < m(:eo)| 

for all i£fi, i/ien u = 0. Consequently, 

max |u(a;)| = max |u(x)| . 
n an 



Proof. If |u(x)| < |u(xo)| for all a; G J7, then by Lemma I3T21 Re u[xq){Au){xq) 
0. Since Xu — Au, it follows that 



< 



ReA|w(a;o)| = Re u(xo)(Au)(xq) 



< 



Hence u(xq) = 0. □ 

Next, recall that an operator B on a real Banach space X is called m-dissipative 
if A — B is invertible and 

A 1 1 (A - < 1 for all A > . 

Now we show that the operator A c is m-dissipative and that the resolvent is 
positive (i.e., maps non- negative functions to non- negative functions). 

Proposition 3.4. Assume that fi is A-regular. Then A c is m-dissipative and 
(A -Ac)- 1 >0 for A>0. 

Proof. Let A > 0. Since by Theorem 12.21 the operator (A — A) is bijective, also 
(A — A c ) is bijective. 

a) We show that (A - A^- 1 > 0. Let / e C(Cl), f < 0, u := (A - A c )~ 1 f. Assume 
that u + ^ 0. Since u 6 Cq(Q), there exists xq £ fi such that m(xo) = maxw > 0. 
Then by Lemma [3.2[ Au(xq) < 0. Since Am — Au = f, it follows that Au(a;o) < 
f(%o) <0a contradiction. 

b) Let / e C(Q),u = (A - A^f. We show that HAuH^ < ||/|| 

C(n)- Assume 

first that / > 0, / ^ 0. Then u > by a) and u / 0. Let xq £ 57 such that 
m(xo) = || u ||c(n)- Then (A c u)(a;o) < by Lemma 13.21 Hence Au(a;o) < Am(xo) — 
(A c u)(x ) = f(x ) < ||/|| c( o). 

If / £ C(fi) is arbitrary, then by a) |(A - A c )~ 1 f \ < (A - A c ) _1 |/| and so ||A(A - 

Acr'fWcm ^ WfWcm- a 

Now we consider the complex extension of A c (still denoted by A c ) to the space 
of all complex- valued functions on Vt which we still denote by C(Vl). Our aim is to 
prove that for Re A > the operator (A — Ac)^ 1 is invertible and 

M 

|| (A - Ac) -1 !! < — , 

where M is a constant. For that, we extend the coefhcents to uniformly contin- 
uous bounded real- valued functions on K" satisfying the strict ellipticity condition 

d . 

Re J2 aa&Mj > 2 l^l 2 
«ii=i 
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(£ G M. n ,x G R"), keeping the some notation, see Lemma H. 3b . We extend bj,c to 
bounded measurable functions on R" such that c < (keeping the same notation). 
Now we define the operator B x on L°°(R n ) by 

D(Boo) := {ue <„f(R n ) : u,Bu £ L°°(R")} 
p>i 

where BooM := Sit , 

<Z d 

i?ooM := X) aijdijU + bjdjii + cu for u G W lo 'c (M") . 
i,J=l i=i 

The operator Boo is sectorial. This is proved in |Lun 95. Theorem 3.1.7] under 
the assumption that the coefficients bj,c are uniformly continuous. We give a 
perturbation argument to deduce the general case from the case bj = c = 0. The 
following lemma shows in particular that the domain of Boo is independent of bj 
and c. 

Lemma 3.5. One has D{B oa ) C M /1,00 (M"). Moreover, for each e > there exists 
c £ > swc/i £/iai 

/or aZZ u G D{B OQ ). 

Proof. Consider an arbitrary ball B\ in R™ of radius 1 and the corresponding ball 
£?2 of radius 2. Let p > n. Since the injection of W 2 ' p (Bi) into C 1 (i?i) is compact, 
for each e > there exists c£ > such that 

\\u\\c 1 (S 1 ) < eNlvt^.*(B0 ■ 
By the Calderon-Zygmund estimate this implies that 

< eciUBooullioc^n) + (eci + 4) • |M| L ~(R") . 

Since ||it||i;°°(H») = sup || u\\ L oa/ Bl \, where the supremum is taken over all balls of 
radius 1 in R", the claim follows. □ 

Theorem 3.6. There exist M > 0, uj G R sitc/i that (A — Boo) is invertible and 
|| A(A - Boo)" 1 1| < M (Re A > u/) . 

Proof. Denote by Bj^, the operator with the coefficients bj, c replaced by 0. Lemma 
1531 implies that D(B^) = D{B 00 ) and (applied to B^) that 

|| (Boo - B^uWLooQ&n) < ep^ltHioo^n) + c' £ \ \ U \ \ L oo (K „ ) 

for all u G D{Bl ),e > and some c' e > 0. Since B^> is sectorial by |Lun951 
Theorem 3.1.7] the claim follows from the usual holomorphic perturbation result 
[ABHN011 Theorem 3.7.23]. □ 
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Now we use the maximum principle, Lemma 13.21 to carry over the sectorial es- 
timate from K™ to ft. This is done in a very abstract framework by Lumer-Paquet 
|LP77) . see |Are041 Section 2.5] for the Laplacian. 

Proof of Theorem 13.11 Let oj be the constant from Theorem 13.61 and let Re A > 

u, f G C(ft), u = (A - A^f. Then 

u G C (ft) n P| W£ c p (ft) and Au - Au = f . 

Extend / by to M™ and let u = (A - Boo)- 1 /. Then Aw - Av = f on ft 
and ||A«||i<=o(n) < ^||/||c(o) by Theorem 13.61 Moreover, u> := v — u G C(ft) n 

fl w^oc^)'^ - Aw = on n and w ( z ) = v ( z ) for a11 z e dn - Thcn b y the 

p>i 

complex maximum principle Proposition 13.31 

M 

IIHIc(fi) = ™^\ V ( Z )\ - JXf II / II C(f7) ■ 

Consequently, 

\\ u \\c(n) = II"- v + v \\c(n) 

< IMIc(Q) + IMIc(n) 

< 2M Hfll - 

This is the desired estimate which shows that A c is sectorial. By |Lun951 Proposi- 
tion 2.1.11] there exist a sector := {oj + re ia : r > 0, \a\ < 9} with 9 G (f , n), 
uj > 0, and a constant Mi > such that 

(X-Ac)- 1 exists for A G T, e + lu and \\X(X - A c )- 1 \\ < M ± . 

Thus there exists r > such that (A — A c ) is invertible and ||A(A — yl c ) _1 || < M 
whenever Re A > and |A| > r. Since A is invertible by Theorem 12.21 it follows 
that A c is bijective. Since the resolvent set of A c is nonempty, A c is closed. Thus 
A c is invertible. Since by Proposition 13.41 A^ is resolvent positive, it follows from 
ABH NOTl Proposition 3.11.2] that there exists e > such that (A — A c ) is invertible 
whenever Re A > — e. As a consequence, 

sup 1 1 A( A - A c ) _1 || < oo . 

lH<r 
Re A>0 

Together with the previous estimates this implies that 

||A(A - A,)- 1 !! < A^ 2 

whenever Re A > for some constant M^. Thus A c generates a bounded holomor- 
phic semigroup T on C(ft). Since D(A C ) C C (ft) and X>(ft) C £>(A C ) it follows 
that L>(A C ) = C (ft). The part of A c in C (ft) is A . So it follows from |Lun951 
Remark 2.1.5, Proposition 2.1.4] that A$ generates a bounded, holomorphic Co- 
semigroup T on C (ft) and T (f) = T(*)| Co(n) on C (ft). □ 



Finally we mention compactness and strict positivity. 
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Proposition 3.7. Assume that satisfies the uniform exterior cone condition. 
Then (A — A c ) _1 and T(t) are compact operators (A > 0,t > 0). 

Proof. It follows from Theorem IA.3I that D(A C ) C C a (f2). Since the embedding of 
C a (tt) into C(Cl) is compact, it follows that the resolvent of A c is compact. Since 
T is holomorphic, it follows that T(t) is compact for all t > 0. □ 

Proposition 3.8. Assume that ft is A-regular. Let t > 0,0 < / € Co(fi),/ ^ 0. 
Then (T (t)f)(x) > for all x e O. 

Proof, a) We show that u := (A — Ao) -1 / is strictly positive. Assume that u(x) < 
for some i£!!. Let v = — u. Then Av — Xv = f > 0. It follows from the maximum 
principle [GT981 Theorem 9.6] that v is constant. Since v G Co(fi), it follows that 
t> = 0. Hence also / = 0. 

b) It follows from a) that To is a positive, irreducible Co-semigroup on Co(O). 
Since the semigroup is holomorphic, the claim follows from [Na86, C-III. Theorem 
3.2. (b)]. □ 

Appendix A. Results on elliptic partial differential equations 

In this section, we collect some results on elliptic partial differential equations, 
which can be found in text books, for example GT98]. We consider the elliptic 
operator A from the Introduction and assume that the ellipticity constant A > is 
so small that ||oy||i« , ||&j||z,«. , \\c\\l°° < 

Theorem A.l (Aleksandrov's maximum principle, |GT981 Theorem 9.1]). Let f e 

L n (fl),u e C(Q) n W?£(Q) such that 

-An < f . 

Then 

supu < supu + + ci||/ + ||i«(n) 
n an 

where the constant c± depends merely on n,diami7 and |j fej |j z,"(f2) 5 3 — ^---,n. 
Consequently, if u £ Co(O) and —Au = f, then 

NU«(n) <2ci||/||i» (n » 

and u < iff < 0. 

Theorem A. 2 (Interior Calderon-Zygmund estimate, |GT981 Theorem 9.11]). Let 
Bi e be a ball of radius 2g such that E>2 e C £1, and let u £ W 2,p {B2 g ), where 
1 < p < co. Then 

\\u\\w 2 -P(B e ) < Cg(\\Au\\ L p {B2e) + \\u\\ L p( Bae )) 

where B g is the ball of radius g concentric with B^ Q ■ The constant c merely depends 
on A, n, g,p and the continuity moduli of the ay. 
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Theorem A.3 (Holder regularity, |GT981 Corollary 9.29]). A ssume that Q satisfies 
the uniform exterior cone condition. Let u <E Co(O) PI W^™ and f € L n (£l) such 
that —Au = f . Then u G C Q (f2) and 

IM|c«(n) < C(||/IU»(n) + IMU=<(n)) 

where a > and c > depend merely on £1, A and n. 

In |GT981 Corollary 9.29] it is supposed that u £ W 2 ' n (ti). But an inspection 
of the proof and of the results preceding GT98 ( Corollary 9.29] shows that u 6 
W lo '™(0) suffices. The above Holder regularity also holds for solutions of equations 
in divergence form when the right-hand side / is in L q (tt) for some q > ^, see 
[CT981 Theorem 8.29]. 
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